Pulsed wave ultrasound systems can be used for determining blood's velocity non-invasively in the body. A region of interest is selected, and the received signal is range gated to measure data from the region. One complex sample value is acquired for each pulse emission after complex demodulation of the received signal. The time evolution and distribution of velocity can then be found by using samples from a number of pulse-echo lines. Making a short-time Fourier transform of the data reveals the velocity distribution in the range gate over time.
INTRODUCTION
Pulsed ultrasound systems for the investigation of blood velocity emerged in the early 1970s. A seminal paper was that by Baker (1970) , which detailed the sampling operation of the received backscattered signal from the blood. A single sample was acquired for each pulse emitted and Baker stated that the system tracked the slow movement of the scatterers through the range gate. Unfortunately Baker also calls this the Doppler e ect, and the name has since then stuck to these systems, and has produced a number of mistakes in interpreting the function of and signal processing in these systems. It is here important to di erentiate between the interaction between the moving scatterers and the pulse, yielding the Doppler shift in frequency, and the inter-pulse movement of the scatterers. The latter is the e ect detected in these systems as shown in Section 2. A model for the inter-pulse movement is derived in Section 3 and used in Section 4 for calculating the spectrum of the received signal. It is shown that sampling can be performed at a frequency in the kHz range although the received signal is in the MHz range. The derived model is somewhat complicated, and a simpler interpretation using frequency scaling is given in Section 5. From this the in uence of, e.g., attenuation and non-linear propagation is readily revealed and the role of the various parts of a PW system explained. This paper shows that the frequency axis for the received signal is scaled by the factor 2v=c, where c is speed of sound and v is blood velocity. This time dilation was rst explicitly noted by Newhouse and Amir (1983) . They gave a model for the received signal that demonstrated the stretched time factor. Experiments were also shown proving the model correct. The model was derived earlier and used for evaluating transit time e ects (Newhouse et al. 1976) and the e ects from scattering and absorption on the power density spectrum (Newhouse et al. 1977) , although the time dilation e ect was not noted explicitly. The in uence from attenuation was measured by Holland et al. (1984) and found in agreement with the model. The scaling of the time axis was also used by Magnin (1986) . He presented the signal processing fundamentals for the rst commercial system to apply direct RF sampling of the received signal, thus skipping the analog demodulation scheme. The exact same scheme was presented by Forsberg and J rgensen (1989) . Magnin (1986) derived a model for the received signal using the time shift e ect for a Gaussian pulse and in nitively many pulse emissions. The commercial implementation of this system is given by Halberg and Thiele (1986) . Thomas and Leeman (1991) have also considered the time shift model and point out the di erence between this and the Doppler e ect, and elucidated the time scaling involved in forming the received signal. The di erence was also experimentally demonstrated by Thomas and Leeman (1993) . This paper derives the received signal for a direct RF sampled signal and extends the model to include a limited number of pulses. It is also shown that the direct sampled system and the more conventional ones using analog demodulation actually are equivalent. The only di erence is the implementation of the matched lter in the RF receiver.
DOPPLER SYSTEM
A traditional Doppler system is depicted in Fig. 1 . A pulse is emitted and interacts with the moving blood. A Doppler shift of the pulse spectrum is introduced as
as a result of the blood velocity. Here jṽj cos is the blood velocity along the direction of the ultrasound beam, c is the speed of sound, and f 0 is the center frequency of the emitted pulse.
The received signal is then quadrature demodulated. This is done by moving the spectrum down to around f = 0 by multiplying the signal with exp(j2 f 0 t) and then remove the sum component through a set of low-pass lters 1 . The resulting signal is sampled and processed to yield the Doppler shift, and thereby the blood velocity and its sign.
This standard explanation of the function of the Doppler system has problems when attenuation of the ultrasound eld by the tissue is included. The Doppler frequency is typically on the order of a few kHz, whereas the shift due to attenuation is considerably higher as can be seen from Fig. 2 . The downshift in center frequency as a function of depth is depicted for a 3 MHz Gaussian pulse with a relative bandwidth of 0.1. The unknown attenuation shift can easily be ten times the Doppler shift, even for moderate depths. It is, thus, not possible to 1 These are often, falsely, perceived as being anti-aliasing lters before the sampling process. They actually act as matched lters. See Section 6. 3 TIME SHIFT MODEL A pulsed wave system for velocity estimation emits a number of pulses and extracts a single sample at the appropriate depth for each pulse. This sampled signal is then used for estimating the velocity or its spectrum. The estimation, thus, relies on the relation between samples in the sampled signal. This relation can be derived from the time shift of the signal from pulse to pulse. For a single scattererp 1 denotes the initial position of the scatterer andp 2 the position after the next pulse emission T prf seconds later. The distance between the two positions is given byp
The movement in the z-direction is perceived as a time shift in the received RF signal and is given by t s = jṽj cos( ) c=2 T prf = 2jṽj cos( ) c T prf = 2v z c T prf :
Two received signals are related by: r 2 (t r ) = r 1 (t r ? t s );
when denoting time since pulse emission as t r . Emitting a sinusoidal pulse, one received response is given by r r (t r ) = a sin(2 f 0 (t r ? 2d c )) 
Taking one sample at a xed time t x relative to pulse emission gives a sampled signal r s (i) = ?a sin(2 f 0 2v z c T prf i ? c ) (8) which has the same magnitude as the Doppler frequency, but is generated by the inter-pulse movement of the scatterers.
SPECTRUM OF RECEIVED SIGNAL
The model derived in Section 3 assumed that the emitted and received signals are essentially monochromatic. In reality a short pulse (8-16 cycles) are employed, and that a ects the spectrum of the received signal. The in uence of the pulse shape and duration is analyzed in this section. The analysis is, with no loss of generality, done for an RF sampled system in which the demodulation is replaced by a matched lter (see Section 6). 
and their amplitudes are modi ed by the spectral amplitude of the pulse.
The received signal is then sampled with a frequency of f prf = 1=T prf , which can be described by a multiplication with a series of -functions as r f (t) = r s (t) 1 X n=?1 (t ? nT prf ):
The Fourier transform of this signal is The sampling operation moves the components of the spectrum down to the range from ?f prf =2 to f prf =2. The maximum of the pulse spectrum is at f 0 . The sampling operation is essentially a modulus f prf operation, so the maximum in the resulting spectrum is at 
A SIMPLE INTERPRETATION
Equation (14) reveals the e ects from using di erent number of pulses and pulse shapes, but the consequence is not directly obvious from the equation. A simpler model would thus be bene cial. This can be derived by keeping in mind that the shift in position is responsible for generating the signal. An example is shown in Fig. 5 . A single scatterer crosses the beam from a pulsed concave transducer. The resulting sampled signal has the same shape as the pulse, since the RF pulse slowly moves past the sampling point indicated by the dashed line. The consequence in the frequency domain can be seen from Eq. (7). All frequency components are multiplied with 2v z =c, and are thus scaled to lie in the audio range. This scaling is indicated in Fig. 6 . The RF frequency axis is replaced by the frequency axis for the sampled signal. The e ect by a number of factors can now easily be deduced with this simple model in mind.
The pulse bandwidth is directly responsible for the bandwidth of the resulting spectrum. A longer pulse, thus, gives a more narrow spectrum. The in uence from the number of pulseecho lines can also be deduced. Only part of the pulse is sampled if too few lines are used, and this amounts to multiplying a rectangular window onto the data. A smearing of the spectrum, thus, results. The sampling covers the full pulse length if 2v z c T prf N M f 0
where M is the number of sine periods in the pulse. The lowest velocity possible to determine is therefore dependent on the number of lines used. Attenuation will shift the center frequency of the pulse spectrum downwards, but this attenuation downshift is also multiplied with 2v z =c. So it is the downshift relative to f 0 that determines the bias of the estimate.
The instantaneous Doppler shift during the pulse's interaction with the moving scatterer gives a frequency shift of Non-linear e ects during either propagation or scattering introduces higher harmonics into the spectrum. They alias around f prf =2 and introduce additional peaks in the spectrum and bias the result. The mean frequency is biased towards higher frequencies, if no aliasing takes place.
DEMODULATION
The model also makes the role of the demodulation process clear. The main purpose is to generate a signal that can detect the direction of the signal, and to reduce noise in the signal. The signal after the demodulation can be written as r d (t r ) = h lp (t r ) r(t r ) exp(j2 f 0 t r )] = r(t r ) h lp (t r ) exp(j2 f 0 t r )]
where h lp (t r ) is a low-pass lter usually implemented as an integration over the pulse duration.
It is, thus, possible to use a set of frequency modulated lters, and then apply the sampling operation. For a sinus burst the frequency modulated lter equals the pulse, and is equivalent to a matched lter (Skolnik 1980 , Kristo ersen 1986 , and can be replaced by such a lter. The demodulation can also be rewritten as r d (t r ) = r(t r ) h lp (t r )(cos(2 f 0 t r ) + j sin(2 f 0 t r ))] = r(t r ) h lp (t r )(cos(2 f 0 t r ) + j cos(2 f 0 t r ? 2 ))] = r(t r ) h lp (t r )(cos(2 f 0 t r ) + j cos(2 f 0 t r ? 1
The imaginary part of the lter is just a delayed version of the real part. Measuring the signal a quarter period after the real signal, thus, gives a suitable signal (Halberg and Thiele 1986 ). An alternative is to perform a Hilbert transform on the RF signal to make the 90 o phase shift for all frequencies.
The low-pass lters in the receiver are matched to the bandwidth of the pulse (Kristoffersen, 1986) . This is done to reduce noise, and an alternative demodulation is to do a matched ltration on the received signal, and then a Hilbert transform. A complex sample set is then extracted and processed to yield the spectrum. Further information on direct sampling and its consequences can be found in Jensen (1996) .
